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ELR 541&11

Helysq T&<&

XNJ YTJ<{JLBVJ PYFNM^ XNJ<S HFCCXBNFNM GJUHTIYJCNM

RJYCNFYN HFDYJDTCBZ BP CGHFDJXYS{ LFYYS{?

D yfcnjzott dhtvz gjzdkztncz dct ,jkmitt xbckj hf,jn^ gjcdzotyys[

hfcxtne hfdyjdtcyjuj cjcnfdf d vyjujrjvgjytynys[ cbcntvf[& Njxyjcnm

’nb[ dsxbcktybq dj vyjujv pfdbcbn jn njxyjcnb bcgjkmpetvs[ rjycnfyn

o o
hfdyjdtcbz (bkb^ xnj nj ;t cfvjt^ ’ythubq Ub,,cf DG = -RT ln K )& R

cj;fktyb.^ ghb bcgjkmpjdfybb lf;t cfvs[ kexib[ nthvjlbyfvbxtcrb[

cghfdjxybrjd (yfghbvth [1,2]) ytdjpvj;yj gjkexbnm yflt;ye. jwtyre

gjuhtiyjcnb hfccxbnsdftvs[ rjycnfyn hfdyjdtcbz&

Ghbdtltv cktle.obq ghbvth& Djpmvtv cghfdjxybr @Nthvjlbyfvbxtcrbt

cdjqcndf bylbdblefkmys[ dtotcnd@ [1]^ rjnjhsq drk.xftn yfb,jktt gjkye.

byajhvfwb. j gjuhtiyjcnb ghbdjlbvs[ nthvjlbyfvbxtcrb[ dtkbxby^ b

hfccxbnftv gjuhtiyjcnm rjycnfyns hfdyjdtcbz htfrwbb

KBO (s) = KBO (g) (1)2 2

ghb 1100 K. Cjjndtncndtyyj pfrjye hfcghjcnhfytybz jib,jr pfgbcsdftv

2 o 1 o 1 o o oR D{ln K (1)} = - D{D H (g)} + - D{D H (s)} + D{F (g)} + D{F (s)} (2)2 f 2 fT T

ult D - lbcgthcbz, g cjjndtncndetn vjktrekt d ufpjdjq afpt^ s -

dtotcnde d ndthljv cjcnjzybb& Ghb bcgjkmpjdfybb gjuhtiyjcntq ’ynfkmgbq

o o
j,hfpjdfybz {D H (KBO , s) = -978+5 rL;/vjkm^ D H (KBO , g) = -665+16f 0 2 f 0 2

O
rL;/vjkm} b ghbdtltyys[ ’ythubq Ub,,cf {F (KBO , s) = 117+51100 2

O
L;/vjkmWR^ F (KBO , g) = 322+10 L;/vjkmWR} bp cghfdjxybrf [1]1100 2

o
gjuhtiyjcnm ln K (1) gjkexftncz +2.3& "nj jpyfxftn^ xnj gjuhtiyjcnm d

o
cfvjq rjycnfynt hfdyjdtcbz K (1) cjcnfdkztn jlby gjhzljr dtkbxbys^ bkb

1000%&

D nj ;t dhtvz vj;yj ghjxbnfnm d cghfdjxybrt [1]^ xnj rjycnfyns
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hfdyjdtcbz htfrwbb (1) ’rcgthbvtynfkmyj bpvthtys d bynthdfkt

ntvgthfneh 1050 - 1230 K b b[ gjuhtiyjcnb htfkmyj vtymit^ xtv 50%

o{+0.4 d ln K (1)}&

Jndtn yf djghjc^ gjxtve ajhvekf (2) ghbdtkf r pyfxbntkmyjve

o
pfdsityb. gjuhtiyjcnb K (1) d lfyyjv ghbvtht^ ljcnfnjxyj ghjcn& Fdnjhs

o
cghfdjxybrf [1] gjkexbkb ’ynfkmgb. j,hfpjdfybz D H (KBO , g) bpf 0 2

’rcgthbvtynfkmyj bpvthtyys[ rjycnfyn hfdyjdtcbz htfrwbb (1)

o o o o o
D H (g) = D H (s) + T {F (g) - F (s) - R ln K (1)}f f

b bcgjkmpjdfkb pfrjy hfcghjcnhfytybz jib,jr lkz jwtyrb tt gjuhtiyjcnb

o o 2 o o 2 oD{D H (g)} = D{D H (s)} + T [D{F (g)} + D{F (s)} + R D{ln K (1)}]f f

Nfrbv j,hfpjv^ gjuhtiyjcnm ’ynfkmgbb j,hfpjdfybz KBO d ufpjdjq afpt^2

ghbdtltyyfz d cghfdjxybrt [1]^ rjhhtkbhjdfyf c gjuhtiyjcnzvb

o
’ynfkmgbb j,hfpjdfybz D H (s) b ghbdtltyys[ ’ythubq Ub,,cf& "njf

o
j,cnjzntkmcndj b ghbdtkj r pfdsityb. gjuhtiyjcnb ln K (1) ghb

bcgjkmpjdfybb ajhveks (2)& Cktletn jnvtnbnm^ xnj rjhhtkzwbz

gjuhtiyjcntq ghbdjlbvs[ nthvjlbyfvbxtcrb[ dtkbxby zdkztncz j,otq

xthnjq dct[ nthvjlbyfvbxtcrb[ cghfdjxybrjd&

D lfyyjv rjyrhtnyjv ckexft djpvj;yj bcgjkmpjdfnm ljcnfnjxyj

gjlhj,yjt jgbcfybt ds,jhf htrjvtyljdfyys[ dtkbxby d cghfdjxybrt [1]^

xnj,s^ rfr vbybvev^ jwtybnm ghfdbkmysq gjhzljr gjuhtiyjcnb nht,etvjq

rjycnfyns hfdyjdtcbz&

D yfcnjzotq hf,jnt hfccvjnhtyj rfr ajhvfkbpjdfnm htitybt lfyyjq

ghj,ktvs d j,otv ckexft& Dj-gthds[^ ,eltn gjrfpfyj^ rfre. byajhvfwb.

ye;yj ghbdjlbnm d ljgjkytybt r gjuhtiyjcnzv nthvjlbyfvbxtcrb[ dtkbxby^

xnj,s extcnm rjhhtkzwbb vt;le ybvb& Dj-dnjhs[^ b ’nj cjcnfdbn ,jkmie.

xfcnm ’njq cnfnmb^ hfccvjnhbv rfr gjkexbnm ’ne ljgjkybntkmye.

byajhvfwb. ghb ds,jht htrjvtyljdfyys[ nthvjlbyfvbxtcrb[ dtkbxby&

Extn rjhhtkzwbb vt;le gjuhtiyjcnzvb ’ynfkmgbq j,hfpjdfybz b

ghbdtltyysvb ’ythubzvb Ub,,cf& Dyfxfkt yfgjvybv gjktpyst cjjnyjitybz
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bp vfntvfnbxtcrjq cnfnbcnbrb (cv& yfghbvth [3])^ rjnjhst ,elen

L
bcgjkmpjdfys d lfkmytqitv& Gecnm x - ’nj dtrnjh ckexfqys[ dtkbxby^ f

L L
D(x) - tuj lbcgthcbjyyfz vfnhbwf& Tckb x cjcnjbn bp ytpfdbcbvs[

L
ckexfqys[ dtkbxby^ nj D(x) bvttn lbfujyfkmysq dbl b cjcnjbn bp

bylbdblefkmys[ lbcgthcbq ckexfqys[ dtkbxby& D ckexft^ rjulf ckexfqyst

L
dtkbxbys^ d[jlzobt d x^ rjhhtkbhjdfys vt;le cj,jq^ ytlbfujyfkmyst

L
xktys d D(x)^ yfpsdf.obtcz rjdfhbfwbzvb^ yt hfdys yek.&

L
Gecnm dtrnjh ckexfqys[ dtkbxby y zdkztncz kbytqysv

L
ghtj,hfpjdfybtv dtrnjhf x

L Ly = A x

L(A - vfnhbwf ghtj,hfpjdfybz)& Njulf lbcgthcbjyye. vfnhbwe dtrnjhf y

vj;yj hfccxbnfnm gj cktle.otq ajhvekt

L L
D(y) = A D(x) A’ (3)

ult D - lbcgthcbjyyfz vfnhbwf b yflcnhjxysq byltrc ’ jpyfxftn

nhfycgjybhjdfybt& Ehfdytybt (3) zdkztncz j,j,otyyjq pfgbcm. pfrjyf

hfcghjcnhfytybz jib,jr& Njkmrj d ckexft kbytqyjq ytpfdbcbvjcnb

L
ckexfqys[ dtkbxby^ d[jlzob[ d x^ bp (3) gjkexf.ncz ajhveks nbgf (2)& D

ghjnbdyjv ckexft d (2) ljk;ys djqnb rjdfhbfwbb^ nj tcnm

L
ytlbfujyfkmyst xktys bp D(x)&

L
Ckexfqyst dtkbxbys^ d[jlzobt d dtrnjh y^ rjhhtkbhjdfys cj

L
ckexfqysvb dtkbxbyfvb bp dtrnjhf x& Rjdfhbfwbb vt;le bylbdblefkmysvb

L L
ckexfqysvb dtkbxbyfvb cjlth;fncz d rjdfhbfwbjyyjq vfnhbwt COV(y,x)^

rjnjhe. vj;yj hfccxbnfnm cktle.obv j,hfpjv

L L L L L
COV(y,x) = COV(x,y)’ = A D(x) (4)

Ghbvtybv ehfdytybt (3) r ckexf. [bvbxtcrjq htfrwbb

S n A = 0 (5)i i i
L

rjnjhfz pflftncz cnt[bjvtnhbxtcrbv dtrnjhjv n = {n , ..., n }’. (n >01 m i
o

lkz ghjlernjd b n <0 lkz htfutynjd). Rjycnfynf hfdyjdtcbz K (5)i
L [L
n’D Ho f L LR ln K (5) = - [-----] + n’FT

[L o o
pfdbcbn jn dtrnjhf ’ynfkmgbq j,hfpjdfybz D H = {D H , ..., D H }’ bf f 1 f m
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L o o
dtrnjhf ghbdtltyys[ ’ythubq Ub,,cf F = {F , ..., F }’& D lfyyjv ckexft1 m
L o Ly ghtlcnfdkztn cj,jq crfkzh R ln K (5)^ x ’nj cjcnfdyjq dtrnjh

[L
&D H*

L fx = | |
L

7 F 8

lbcgthcbjyyfz vfnhbwf rjnjhjuj bvttn dbl
[L [L L

& D(D H) COV(D H,F)*
L f f

D(x) = | |
L [L L

7COV(F,D H) D(F) 8f

b vfnhbwf ghtj,hfpjdfybz A - ’nj cnhjrf
L
n L

A = (-[-] n)T

Ghbvtytybt ehfdytybz (3) lftn cktle.oe. ajhveke lkz lbcgthcbb

rjycnfyns hfdyjdtcbz

2 o 1 L [L L L L LR D{ln K (5)} =[-] {n’ D(D H) n} + n’ D(F) n -2 fT
1 L [L L L L L [L L-[-] {n’ COV(D H,F) n + n’ COV(F,D H) n}f fT

Gjkextyyjt ehfdytybt lftn jndtn yf djghjc^ dsytctyysq d yfpdfybt

cnfnmb& Lkz jwtyrb gjuhtiyjcnb rjycnfyns hfdyjdtcbz rhjvt gjuhtiyjcntq

’ynfkmgbq j,hfpjdfybz b ghbdtltyys[ ’ythubq Ub,,cf {lbfujyfkmyst xktys

[L L
D(D H) b D(F)} ytj,[jlbvj pyfnm rjdfhbfwbb vt;le ’ynfkmgbzvbf

[L
j,hfpjdfybz {ytlbfujyfkmyst xktys D(D H)}^ rjdfhbfwbb vt;lef

L
ghbdtltyysvb ’ythubzvb Ub,,cf {ytlbfujyfkmyst xktys D(F)} b rjdfhbfwbb

vt;le ’ynfkmgbzvb j,hfpjdfybz b ghbdtltyysvb ’ythubzvb Ub,,cf {vfnhbwf

[L L
COV(D H,F)}& Njkmrj d ckexft hfdtycndf dct[ ’nb[ rjdfhbfwbq yek.f

(rhfqyt htlrbq ckexfq d nthvjlbyfvbxtcrjq ghfrnbrt) vj;yj bcgjkmpjdfnm

ajhveke (2)&

D yfcnjzott dhtvz d nthvjlbyfvbxtcrb[ cghfdjxybrf[ b jhbubyfkmys[

hf,jnf[ ghbdjlzncz njkmrj gjuhtiyjcnb gjkextyys[ ’ynfkmgbq j,hfpjdfybz

b ghbdtltyys[ ’ythubq Ub,,cf& Rjdfhbfwbb vt;le nthvjlbyfvbxtcrbvb

gfhfvtnhfvb yt ghbdjlzncz b j,sxyj lf;t yt egjvbyf.ncz& Jcyjdyjq

ghbxbyjq ’njuj^ gj-dblbvjve^ zdkztncz ytljcnfnjxyjt pyfrjvcndj c

gjyznbtv rjdfhbfwbb ,jkmibycndf ’rcgthbvtynfnjhjd& D nj ;t dhtvz

gjkexbnm rjdfhbfwbb gfhfvtnhjd ghb j,hf,jnrt ’rcgthbvtynfkmys[ lfyys[
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ybxenm yt nhelytt^ xtv gjkexbnm gjuhtiyjcnb ’nb[ gfhfvtnhjd& Lkz ’njuj

vj;yj bcgjkmpjdfnm cktl.obq gjl[jl& Dshfpbv nf,ekbhetvst

L
nthvjlbyfvbxtcrbt dtkbxbys (dtrnjh y) rfr aeyrwbb ’rcgthbvtynfkmyj

L
bpvthztvs[ dtkbxby (dtrnjh x)& Rfr ghfdbkj^ bpvthztvst dtkbxbys

L
ytrjhhtkbdfys vt;le cj,jq {D(x) bvttn lbfujyfkmysq dbl}& D rhfqytv

L
ckexft cnhernehe D(x) vj;yj dsdtcnb bp fghbjhys[ cjj,hf;tybq^

cdzpfyys[ c eckjdbzvb ghjdtltybz ’rcgthbvtynjd& Gjckt ’njuj

bcgjkmpjdfybt ajhvek (3) b (4) lfcn yfhzle c gjuhtiyjcnzvb

nf,ekbhetvs[ dtkbxby b ytj,[jlbvst rjdfhbfwbb&

Hfccvjnhbv bpkj;tyysq gjl[jl ,jktt gjlhj,yj yf lde[ ghbvthf[ -

rjvgbkzwbz njkmrj rfkjhbvtnhbxtcrb[ lfyys[ b rjvgbkzwbz njkmrj

hfdyjdtcys[ lfyys[&

Rjvgbkzwbz rfkjhbvtnhbxtcrb[ lfyys[& Hfccvjnhbv ghjcntqie.

pflfxe& Gecnm dct bc[jlyst bvt.obtcz lfyyst gjkextys njkmrj d

rfkjhbvtnhbxtcrb[ ’rcgthbvtynf[$ dtrnjh ’rcgthbvtynfkmys[ ’ynfkmgbq

[L o o
htfrwbq D H = (D H , ..., D H )’ (rfkjhbvtnhbz cujhfybz b hfcndjhtybz)r r 1 r n

L o o
b dtrnjh ghbdtltyys[ ’ythubq Ub,,cf F = {F , ..., F }’ (byntuhfks jn1 m

bpvthtybz ntgkjtvrjcnb bylbdblefkmys[ dtotcnd)& Lkz ghjcnjns ,eltv

cxbnfnm^ xnj dct ’ynfkmgbb htfrwbq bpvthtys ghb cnfylfhnyjq

ntvgthfneht&

L
D nfrjq gjcnfyjdrt pflfxb lbcgthcbjyyfz vfnhbwf D(F) bvttn

o
lbfujyfkmye. ajhve^ gjcrjkmre F lkz hfpys[ dtotcnd gjkextys di

[L L
ytpfdbcbvs[ ’rcgthbvtynf[& Rjdfhbfwbjyyfz vfnhbwf COV(D H,F) nfr;tf

hfdyf yek.^ nfr rfr ’ynfkmgbb j,hfpjdfybz gjkexf.ncz njkmrj bp

’ynfkmgbq htfrwbq ,tp exfcnbz ghbdtltyys[ ’ythubq Ub,,cf&

Cjjndtncndtyyj^ tlbycndtyyj jcnfdifzcz ghj,ktvf - ’nj lbcgthbcbjyyfz

[L
vfnhbwf D(D H)^ rjnjhfz vj;tn cjlth;fnm ytlbfujyfkmyst xktys^f

o o
rjdfhbfwbb vt;le hfpkbxysvb ’ynfkmgbzvb j,hfpjdfybz cov(D H ,D H ).f i f j

<eltv cxbnfnm^ xnj dct ’ynfkmgbb htfrwbq bpvthtys d ytpfdbvbvs[
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[L
’rcgthbvtynf[& "nj jpyfxftn^ xnj lbcgthcbjyyfz vfnhbwf D(D H) bvttnr

lbfujyfkmye. ajhve& Pfgbitv tt d dblt

[L 2 -1 -1
D(D H) = s diag(W , ..., W ) (6)r 1 n

2
ult W - dtc lkz i-jq htfrwbb b s - lbcgthcbz yf tlbybwe dtcf&i

Pfgbitv cjjnyjitybt vt;le ’ynfkmgbzvb j,hfpjdfybz b ’ynfkmgbzvb

htfrwbq
[L [L

X D H = D H (7)f r

ult X ’nj cnt[bjvtnhbxtcrfz vfnhbwf

L L
X = (n , ..., n )’1 n

Hfyu vfnhbws X dctulf vtymit^ xtv xbckj dtotcnd^ exfcnde.ob[ dj dct[ n

htfrwbz[ (rank(X) < m^ ’nj cktlcndbt pfrjyf cj[hfytybz vfccs ’ktvtynjd

d [bvbxtcrb[ htfrwbz[). Yf ghfrnbrt ’nj jpyfxftn^ xnj vs ljk;ys

hfpltkbnm dct dtotcndf yf ldf gjlvyj;tcndf$ gjlvyj;tcndj A c

bpdtcnysvb ’ynfkmgbzvb j,hfpjdfybz b gjlvyj;tcndj B c ytbpdtcnysvb

’ynfkmgbzvb j,hfpjdfybz& Cjjndtncndtyyj^ dtrnjh ’ynfkmgbq j,hfpjdfybz

b cnt[bjvtnhbxtcrfz vfnhbwf pfgbiencz d cktle.otv dblt
[L
&D H *

[L f A
D H = | | X = (X , X )f [L A B

7D H 8f B

f ehfdytybt (7) ghbvtn dbl

[L [L [L
X D H = D H - X D H (8)B f B r A f A

D j,otv ckexft^ lkz hfpltktybz dtotcnd yf ldf gjlvyj;tcndf vs

ljk;ys bcgjkmpjdfnm jghtltktybt^ xnj ’ynfkmgbz j,hfpjdfybz ghjcnjuj

dtotcndf d cnfylfhnyjv cjcnjzybb nj;ltcndtyyj hfdyf yek.& "nj

jpyfxftn^ xnj gjlvyj;tcndj A ’nj ghjcnst dtotcndf d cnfylfhnyjv

cjcnjzybb b gjlvyj;tcndj B - jcnfkmyst dtotcndf&

Lkz htitybz ehfdytybz (8) vfnhbwf X ljk;yf bvtnm gjkysq hfyu&B

Tckb ’nj yt nfr^ nj ytdjpvj;yj yfqnb ’ynfkmgbz j,hfpjdfybz dct[

dtotcnd^ d[jlzob[ d gjlvyj;tcndj B^ ,tp ljgjkybntkmys[ ’rcgthbvtynfkm-

ys[ ’ynfkmgbq htfrwbq&

Cjukfcyj jghtltktyb. ’ynfkmgbb j,hfpjdfybz ghjcnjuj dtotcndf

vj;yj pfgbcfnm
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[L [L
D H = 0 D(D H ) = 0f A f A

b bcgjkmpjdfnm vtnjl yfbvtymib[ rdflhfnjd c dtcjdjq vfnhbwtq

[L -1
W = D(D H)r

"nj gjpdjkztn dshfpbnm ytbpdtcnyst ’ynfkmgbb j,hfpjdfybz xthtp

’rcgthbvtynfkmyst ’ynfkmgbb htfrwbq

[L -1 [L
D H = (X’ W X ) X’ W D H (9)f B B B B r

Ntgthm bcgjkmpjdfybt ehfdytybybq (3) b (6) lftn dshf;tybt lkz

lbcgthcbjyyjq vfnhbws gjkexftvs[ ’ynfkmgbq j,hfpjdfybz

[L 2 -1
D(D H ) = s (X’ W X ) (10)f B B B

Lbfujyfkmyst ’ktvtyns lfyyjq vfnhbws ghtlcnfdkz.n cj,jq lbcgthcbb

gjkexftvs[ ’ynfkmgbq j,hfpjdfybz^ f ytlbfujyfkmyst xktys - rjdfhbfwbb

vt;le hfpysvb ’ynfkmgbzvb j,hfpjdfybz&

[L
Gjkyfz lbcgthbcbjyyfz vfnhbwf dct[ ’ynfkmgbq j,hfpjdfybz D(D H)f

pfgbcsdftncz cktle.obv j,hfpjv
[L [L
&D H * &D(D H ) 0*

[L f B f B
D(D H) = D| | = | | (11)f [L

7D H 8 7 0 08f A

Ajhveks (10) b (11) lf.n jndtn yf gthde. pflfxe& Jlyfrj^ ghb

bcgjkmpjdfybb nfrjuj hfpltktybz$ X - ghjcnst dtotcndf d cnfylfhnyjvA

cjcnjzybb b X - jcnfkmyst dtotcndf^ xfcnj ytj,[jlbvj drk.xbnm jxtymB

,jkmijt rjkbxtcndj htfrwbq^ xnj,s gjkexbnm gjkysq hfyu vfnhbws X .B

Yfghbvth^ xnj,s bcgjkmpjdfnm nfrjt hfpltktybt ghb rjvgbkzwbb

cghfdjxybrjd nbgf [1] b [2] ytj,[jlbvj htibnm cbcntve bp ~ 10000

ehfdytybq c ~ 1000 ytbpdtcnysvb. Ghb ’njv cktletn bvtnm d dble^ xnj

gjckt htitybz ’njq cbcntvs ehfdytybq jlby hfp ghb drk.xtybb

’rcgthbvtynfkmys[ lfyys[ j yjds[ dtotcndf[ ghbltncz htifnm nfre.

cbcntve ehfdytybq pfyjdj&

<jktt elj,ysv ghtlcnfdkztncz gjifujdsq genm drk.xtybz

’rcgthbvtynfkmys[ ’ynfkmgbq htfrwbq c exfcnbtv yjds[ dtotcnd& Yf

gthdjv ifut jghtltkz.ncz ’ynfkmgbb j,hfpjdfybz ytrjnjhs[ dtotcnd c

bcgjkmpjdfybbv ajhvek (9)-(11). Lfkmit vj;yj drk.xfnm ’nb dtotcndf d
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gjlvyj;tcndj A c bpdtcnysvb ’ynfkmgbzvb j,hfpjdfybz. Ghb ’njv

ytj,[jlbvj ytcrjkmrj vjlbabwbhjdfnm ghbdtltyyst dsit ehfdytybz^

[L [L
gjcrjkmre ntgthm e;t D H $ 0 b D(D H ) $ 0^ yj jyb bpdtcnys&f A f A

Gthdsq djghjc^ rjnjhsq djpybrftn ghb bcgjkmpjdfybb vtnjlf

yfbvtymib[ rdflhfnjd ghb htitybb cbcntvs ehfdytybq (8) - ’nj ye;yj kb

[L
drk.xfnm lbcgthcbjyye. vfnhbwe D(D H ) d dtcjde. vfnhbwe W. Lkz jndtnff A

yf ’njn djghjc hfccvjnhbv gtht[jl jn (7) r (8) ,jktt dybvfntkmyj& Ghb

cltkfyyjv gtht[jlt gjlhfpevtdftncz^ xnj vs yt [jnbv vtyznm xbcktyyst

pyfxtybz ’ynfkmgbq j,hfpjdfybz dtotcnd bp gjlvyj;tcndf A yb d vfktqitq

cntgtyb& "nj jpyfxftn^ xnj ghb yf[j;ltybb htitybz ehfdytybq (8) dct

[L
’ynfkmgbb j,hfpjdfybz D H hfccvfnhbdf.ncz rfr njxyj pflfyyst bf A

dtcjdfz vfnhbwf ljk;yf ljk;yf ,snm nfrfz ;t^ rfr b ghb htitybb cbcntvs

ehfdytybq (9)

W = diag(W , ..., W )1 n

[L
D ghjnbdyjv ckexft^ tckb vs [jnbv extcnm gjuhtiyjcnb D(D H ) ghbf A

[L
yf[j;ltybb ytbpdtcnys[ ’ynfkmgbq j,hfpjdfybz D H ^ ’nj afrnbxtcrbf B

jpyfxftn^ xnj vs yt djphf;ftv ghjnbd yt,jkmijuj bpvtytybz ’ynfkmgbq

[L
j,hfpjdfybz D H d [jlt yf[j;ltybz htitybz& Lkz ’njuj ytj,[jlbvjf A

ghbvtybnm vtnjl yfbvtymib[ rdflhfnjd yt r cbcntvt ehfdytybq (8)^ f r

cktle.otq cbcntvt ehfdytybq

[L
&D H *

( f A [L(X , X ) | | = D H
| A B [L r

7D H 8
{ f B (11)
|
9 [L [L

E D H = D Hf A f A

ult E - ’nj tlbybxyfz vfnhbwf&

Gtht[jl jn ehfdytybq (11) r ehfdytybzv (8) djpvj;ty kbim ghb

[L
@pf,sdybb@ j gjuhtiyjcnb D(D H ) b htitybt d lfyyjv ckexftf A

pfgbcsdftncz cktle.obv j,hfpjv

[L -1 [L [L
D H = (X’ W X ) X’ W (D H - X D H ) (12)f B B B B r A f A

- 8 -



Jlyfrj lkz yf[j;ltybz gjkys[ gjuhtiyjcntq yfqltyys[ ’ynfkmgbq

[L [L
j,hfpjdfybz D H ytj,[jlbvj extcnm gjuhtiyjcnb D H & Lkz ’njujf B f A

[L
ghbvtybv ajhveks (3) b (4) r ehfdytyb. (12) b exntv xnj dtrnjhf D H br
[L [L [L
D H cnfnbcnbxtcrb ytpfdbcbvs {COV(D H,D H)=0}& "nj lftnf A r f

[L [L [L
D(D H ) = A {D(D H) + X D(D H ) X’} A’ (13)f B r A f A A

[L [L [L
COV(D H ,D H ) = A X D(D H ) (14)f B f A A f A

ult

-1
A = (X’ W X ) X’ WB B B

[L
Gjkyfz lbcgthcbjyyfz vfnhbwf dct[ ’ynfkmgbq j,hfpjdfybz D(D H)f

ntgthm pfgbcsdftncz d cktle.otv dblt

[L [L [L [L
&D H * & D(D H ) COV(D H ,D H )*

[L f B f B f B f A
D(D H) = D| | = | | (15)f [L [L [L [L

7D H 8 7COV(D H ,D H ) D(D H ) 8f A f A f B f A
[L [L

ult vfnhbwf D(D H ) ljk;yf ,snm pflfyf gthtl yf[j;ltybtv D H ^ ff A f B

jcnfkmyst vfnhbws hfccxbnfdf.ncz gj ehfdytybzv (13) b (14)&

Rjvgbkzwbz hfdyjdtcys[ lfyys[& Ceotcnde.n ldf genb gjkextybz

’ynfkmgbq htfrwbq bp rjycnfyn hfdyjdtcbz& Yf ck’yut ghfrnbxtcrjq

nthvjlbyfvbrb jyb yfpsdf.ncz j,hf,jnrjq gj dnjhjve b nhtnmtve pfrjye&

Gthdsq genm bcgjkmpetn ntvgthfnehye. pfdbcbvjcnm rjycnfyn hfdyjdtcbz^

o o
dnjhjq - xbcktyyst pyfxtybz D S (D F )^ dsxbcktyyst bp f,cjk.nys[r r

’ynhjgbq dtotcnd& Hfccvjnhbv njkmrj j,hf,jnre gj nhtnmtve pfrjye^

gjcrjkmre j,sxyj bvtyyj jyf bcgjkmpetncz ghb rjvgbkzwbb rjycnfyn

hfdyjdtcbz& Ghb j,hf,jnre gj dnjhjve pfrjye ,jktt nhelyj gjkexbnm

yf,jh dpfbvj cjukfcjdfyys[ nthvjlbyfvbxtcrb[ lfyys[ [1,2].

o
Gecnm bpvthtys rjycnfyns hfdyjdtcbz K d n htfrwbz[&i,j

Gjlcnhjxysq byltrc i jpyfxftn yjvth htfrwbb^ i=1, ..., n; gjlcnhjxysq

byltrc j - yjvth bpvthtyyjq rjycnfyns hfdyjdtcbz d i-jq htfrwbb& Lkz

jghtltktybz ytbpdtcnys[ ’ynfkmgbq j,hfpjdfybz ytj,[jlbvj

vbybvbpbhjdfnm cktle.oe. cevve rdflhfnjd jnrkjytybq
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L [L
n’ D Ho i f L L 2

S (R ln K + [-------] - n’F) w (16)i,j i,j i i,jTi,j
o

ult w - dtc lkz rjycnfyns hfdyjdtcbz K . D j,hf,jnrt gj nhtnmtvei i,j
L

pfrjye dtrnjh F cxbnftncz fghbjhyj pflfyysv& D ’njv ckexft^ rfr

gjrfpfyj d hf,jnt [4]^ vbybvev cevvs rdflhfnjd jnrkjytybq (16)

ljcnbuftncz jlyjdhtvtyyj c vbybvevjv

o L [L 2
S (D H - n’ D H) W (17)i r i i f i

ult
L L o -1

S (n F - R ln K ) w To j i i,j i,j i,j
D H = [------------------------------] (18)r i -2

S w Tj i,j i,j

’nj chtlyzz ’rcgthbvtynfkmyfz ’ynfkmgbz i-jq htfrwbb b

-2W = S w T (19)i j i,j i,j

’nj dtc^ ghbgbcsdftvsq i-jq htfrwbb& "nj jpyfxftn^ xnj rjycnfyns

hfdyjdtcbz vj;yj j,hf,jnfnm ytpfdbcbvj lkz rf;ljq htfrwbb^ xnj,s

o
gjkexbnm ’ynfkmgbb htfrwbq D H & Gjckt ’njuj gjkexftncz cbcntvfr i

ehfdytybq^ cjdthityyj fyfkjubxyfz cbcntvt (7)^ htitybt rjnjhjq nfr;t

lftncz ehfdytybtv (12)&

L
Jnvtnbv^ xnj gjuhtiyjcnb ghbdtltyys[ ’ythubq Ub,,cf F yt

bcgjkmpe.ncz ghb jghtltktybb dtcf ’ynfkmgbq htfrwbq d ajhvekt (19)&

Ghbxbyjq ’njve zdkztncz nj ;t j,cnjzntkmcndj^ xnj j,ce;lfkjcm d

[L
ghtlsleotv hfpltkt j gjuhtiyjcnz[ D H & Ghb yf[j;ltybb vbybvevf cevvsf A

rdflhfnjd jnrkjytybq (16) vs yt [jnbv bpvtybnm bcgjkmpjdfyyst pyfxtybz

L
F lf;t d cfvjq vfktqitq cntgtyb& "nj b jpyfxftn^ xnj ghb yf[j;ltybb

L
’ynfkmgbq htfrwbq b gjnjv ’ynfkmgbq j,hfpjdfybz pyfxtybz F cxbnf.ncz

njxysvb&

Jlyfrj^ gjckt yf[j;ltybz ’ynfkmgbq j,hfpjdfybz gj ehfdytyb. (12)

lkz jghtltktybz b[ gjkys[ gjuhtiyjcntq ytj,[jlbvj extcnm gjuhtiyjcnb

dct[ bcgjkmpjdfyys[ dtkbxby& Lkz ghjcnjns lfkmytqibt dsrkflrb ,elen

ghjdtltys d ghb,kb;tybb ytpfdbcbvjcnb ghbdtltyys[ ’ythubq Ub,,cf b b[

gjuhtiyjcntq jn ntvgthfnehs& "nj gjrf;tn dct jcyjdyst xthns lfyyjq

pflfxb b vj;tn cke;bnm d rfxtcndt ytgkj[juj gthdjuj ghb,kb;tybz& D
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ghjnbdyjv ckexft dsrkflrb b rjytxyst ajhveks gjkexf.ncz xhtpvthyj

eckj;ytys& Ghb ’njv yt gjkexftncz ybxtuj ghbywbgbfkmyj yjdjuj gj

chfdytyb. c hfccvfnhbdftvsv ghb,kb;tybtv&

L
Ghtj,hfpetv ehfdytybt (18), hfccvfnhbdfz F rjycnfynjq

o L L
D H = Y + T n’Fr i i i i

ult
o -1

S R ln K w Tj i,j i,j i,jY = -[----------------------]i -2
S w Tj i,j i,j

’nj aeyrwbz ’rcgthbvtynfkmys[ rjycnfyn hfdyjdtcbz b
-1

S Tj i,jT = [-------]i -2
S Tj i,j

’nj chtlyzz ntvgthfnehf i-jq htfrwbb&

Gthtgbitv gjkextyyjt ehfdytybt^ bcgjkmpez vfnhbxye. pfgbcm

[L L L
D H = Y+ T X Fr

ult T = diag (T , ..., T ) b gjlcnfdbv ’nj eghjotyyjt dshf;tybt d1 n

ehfdytybt (12)

[L L L [L
D H = A (Y + T X F - X D H ) (20)f B A f A

Lfyyjt ehfdytybt lftn cdzpm vt;le gjkexftvsvb ’ynfkmgbzvb j,hfpjdfybz

b bc[jlysvb lfyysvb$ rjycnfynfvb hfdyjdtcbz^ ghbdtltyysvb ’ythubzvb

Ub,,cf b pflfdftvsvb ’ynfkmgbzvb j,hfpjdfybz& Ntgthm vj;yj

bcgjkmpjdfnm ehfdytybz (3) b (4)& Jcnfkjcm njkmrj htibnm^ tcnm kb

jnkbxyst jn yekz rjdfhbfwbb vt;le nhtvz bcgjkmpetvsvb dtrnjhfvb&

L
Dtrnjh Y gjkexty njkmrj bp ’rgthbvtynfkmys[ rjycnfyn hfdyjdtcbz

L [L
,tp bcgjkmpjdfybz F b D H . "nj jpyfxftn^ xnj rjdfhbfwbjyyst vfnhbwsf A

L L L [L
vt;le Y b F bkb Y b D H hfdys yek.&f A

[L L
<eltn kb hfdyf yek. rjdfhbfwbjyyfz vfnhbwf COV(D H ,F) pfdbcbn jnf A

njuj^ rfr ds,hfyj gjlvyj;tcndj A^ cjcnjzott bp dtotcnd c bpdtcnysvb

[L L
’ynfkmgbzvb j,hfpjdfybz& Lkz dsgjkytybz hfdtycndf COV(D H,F) = 0f

ytj,[jlbvj^ xnj,s ’ynfkmgbb j,hfpjdfybz dtotcnd d gjlvj;yj;tcndt A

,skb jghtltktys njkmrj bp rfkjhbvtnhbxtcrb[ ’rcgthbvtynjd ,tp

bcgjkmpjdfybz ghbdtltyys[ ’ythubq Ub,,cf& "nj dctulf djpvj;yj cltkfnm
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[L L
gentv hfcibhtybz yf,jhf htfrwbq& D ghjnbdyjv ckexft COV(D H ,F) $ 0 bf A

ytj,[jlbvj pflfdfnm pyfxtybz rjdfhbfwbq bp ’njq vfnhbws& D k.,jv

ckexft vj;yj pfgbcfnm

[L L L [L
D(D H ) = A {D(Y) + T X D(F) X’ T + X D(D H ) X’ -f B A f A A

L [L [L L- T X COV(F,D H ) X’ - X COV(D H ,F) X’ T} A’ (21)f A A A f A
[L [L L [L [L

COV(D H ,D H ) = A T X COV(F,D H )- A X D(D H ) (22)f B f A f A A f A
[L L L [L L

COV(D H ,F) = A T X D(F) - A X COV(D H ,F) (23)f B A f A

Gjkyfz lbcgthcbjyyfz vfnhbwf lkz dct[ nf,ekbhetvs[ dtkbxby

dsukzlbn cktle.obv j,hfpjv

[L [L [L [L [L L
&D H * & D(D H ) COV(D H ,D H ) COV(D H ,F) *f B f B f B f A f B
|[L | | [L [L [L [L L |
D D H = COV(D H ,D H ) D(D H ) COV(D H ,F) (24)
| f A| | f A f B f A f A |

L L [L L [L L
7 F 8 7 COV(F,D H ) COV(F,D H ) D(F) 8f B f A

[L L
Lbcgthcbjyyst vfnhbws D(D H ) b D(F) b rjdfhbfwbjyyfz vfnhbwff A

[L L L [L [L L
COV(D H ,F) {COV(F,D H ) = COV(D H ,F)’} ljk;ys ,snm bpdtcnys gthtlf A f A f A

bcgjkmpjdfybtv ajhveks (12)& Jcnfkmyst dtkbxbys hfccxbnsdf.ncz gj

ehfdytybzv (21)-(23)&

D pfrk.xtybt z [jntk ,s dshfpbnm bcrhtyy.. ,kfujlfhyjcnm J&V&

Djdre b T&F& Rfq,bxtdjq& Yfib ljkubt lbcreccbb jrfpfkb juhjvye. gjvjom

d jcjpyfybb^ d xtv^ cj,cndtyyj ujdjhz^ pfrk.xftncz lfyyfz ghj,ktvf&

"nj b ,skj jcyjdyjv ghtgzncndbtv ghb hf,jnt yfl lfyyjq pflfxtq&
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Cgbcjr j,jpyfxtybq

gjlcnhjxyst byltrcs$

A - dtotcndj c bpdtcnyjq ’ynfkmgbtq j,hfpjdfybz bp gjlvyj;tcndf A

B - dtotcndj c ytbpdtcnyjq ’ynfkmgbtq j,hfpjdfybz bp gjlvyj;tcndf B

yflcnhjxysq byltrc

’- nhfycgjybhjdfybt

D - lbcgthcbz

W - dtc^ cjjndtncnde.obq i-jq htfrwbbi

Y - aeyrwbz ’rcgthbvtynfkmys[ rjycnfyn hfdyjdtcbz i-jq htfrwbbi

T - chtlyzz ntvgthfnehf lkz i-jq htfrwbbi

D - lbcgthcbjyyfz vfnhbwf

COV - rjdfhbfwbjyyfz vfnhbwf

L
n = {n , ..., n }’ - cnt[bjvtnhbxtcrbq dtrnjh1 m

L L
X = (n , ..., n )’ - cnt[bjvtnhbxtcrfz vfnhbwf1 n
[L o o
D H = {D H , ..., D H }’ - dtrnjh ’ynfkmgbq j,hfpjdfybzf f 1 f m
L o o
F = {F , ..., F }’ - dtrnjh ghbdtltyys[ ’ytuhbq Ub,,cf1 m
[L o o
D H = (D H , ..., D H )’ - dtrnjh ’ynfkmgbq htfrwbqr r 1 r n

W = diag(W , ..., W ) - dtcjdfz vfnhbwf1 n

T = diag (T , ..., T )1 n
-1

A = (X’ W X ) X’ WB B B
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