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Summary of Previous Lecture

•Transformation + Truncation =
Projection
•There is a good theory based
on Hankel singular values.
•Unfortunately in this case, it is
hard to compute projection
without transformation.
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Outline

Padé and Padé-type approximation
Implicit moment matching via Krylov subspaces
Computational problems
Error Estimate
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Padé approximation

•The transfer function is a
rational polynomial
function: zeros and poles.

•Then search an
approximation among
rational functions.

•Expand them around some
point.

•Require that first moments
are the same.
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Padé and Padé-type approximants

•A reduced model of dimension
r contains 2r unknowns.

•Match 2r moments to
determine them.

•Padé approximants.

•Does not preserve stability of
the original system.

•Match less than 2r moments
(quite often r).

•Padé-type approximants.

•They are not unique (cannot
be transformed to each other).

•Explicit matching is numerically unstable.
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Moments

•Use matrix identity.
•Let us take expansion
point zero.
•Scalar transfer function.
•Single Input - Single
Output.
•Input matrix is a column,
Output matrix is a row.
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Expansion Point

• Expansion around zero preserves
stationary state.
•In principle, one can take any
expansion point.
•Complex expansion point leads to
problems.
•One can take several expansion
points.
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Krylov Subspaces
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Arnoldi Process

• Implicit moment matching.
•Right subspace

matches r moments.
•Padé-type approximant.
•Robust implementation.
•Does not take into account
the output matrix.
•Working for complete
output.
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Lanczos Algorithm

• Implicit moment matching.
•Right and left subspaces
matches 2r moments.
•Padé approximant.
•Takes into account the
output matrix.
•Numerical instability may
occur.
•Two-sided Arnoldi.
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Arnoldi vs. Lancsoz

✘✔Complete output approximation

✘✔
Preservation of

stability and passivity

✘✔Numerical stability

✔✘Invariance properties

Computational complexity

2r moments matchr moments matchAccuracy of approximation

LanczosArnoldi
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Matrix Vector Multiplication

•Krylov subspace algorithms are
written in terms of matrix vector
product.
•Well suited for sparse matrices.
•Implicit inverse via linear solve.
•Cholesky or LU decomposition.
•Back substitution is about 5% of
factoring.
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Timing
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Model Reduction in Practice

FEM
Device model

Compact model
System-level
simulation

MOR

Goal:
try different input

functions

Goal:
try different geometry

and properties


