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ORTRAN Code + Examples 
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European Community 
BRITE-EURAM III Thematic 
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mplements all methods:
Balanced Truncation Appr.
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atlab has licensed SLICOT.

♦ Yet, th
comp
♦ Lim

Order

600

1332

2450

3906



ALBERT-LUDWIGS-
UNIVERSITÄT FREIBURGE.B. Rud Page 15

Small Pause

Su
♦ H

g

♦ S
t
s
l

♦ S
t
s

’s Next?
u  to the idea

e  the problem

 li systems

u  to Krylov 
ac

 li systems

ne stems
ction

nt of

near 

ction
es

near 

ar sy
nyi – AISEM tutorial, Trento 2003 

mmary
ankel singular value theorem 

ives error bound.

ystem theory has mature 
heory for MOR of linear 
ystems. We can find optimal 
ow dimensional subspace.

LICOT library implements 
heory and is “easy to use” for 
mall linear systems.

What
♦ Introd

♦ Statem

♦ Small

♦ Introd
subsp

♦ Large

♦ Nonli



ALBERT-LUDWIGS-
UNIVERSITÄT FREIBURGE.B. Rud Page 16

ylov Subspaces

De
♦ A

♦ T
s

o

♦ A
o

s the left Krylov subspace 
 of  and  of order .

es ow-dimensional 
of paces of order .

 c utation is 
ric unstable because of 
in ors.

e 0 top algorithms of 
th ury.

{

{

l, ) A l k

k

 the l
 subs

omp
ally 
g err

d in 1
 cent
nyi – AISEM tutorial, Trento 2003 

Introduction to Kr

finition
ction of matrix  on vector  : 

his is the right Krylov 
ubspace  of  and  

f order .

ction of transposed matrix  
n vector  : 

♦ This i

♦ Defin
basis 

♦ Direct
nume
round

♦ Includ
the 20

A r

r A r⋅ … Ak 1– r⋅, , , }

KR A r,( ) A b

k

A
l

l AT l⋅ … ATk 1–
l⋅, , , }

KL A(



ALBERT-LUDWIGS-
UNIVERSITÄT FREIBURGE.B. Rud Page 17

ylov Subspaces

Ar
♦ M
♦ P

m

♦

♦
♦
♦ A

o
p

os Algorithm
os ors:

  bi-orthogonal: 

on :

tr onal matrix.
n ast for large k.

V

V

H

s r A r … Ak 1– r⋅, ,⋅, }

sp AT l … AT k 1–( ) l⋅, ,⋅ }
W

g δ1 δ2 … δk, , ,( )

⋅ HL
 vect

 are

 to 

i-diag
cy: F

pan{

an l,{

dia=

A

W =
nyi – AISEM tutorial, Trento 2003 

Introduction to Kr

noldi Process
odified Gram-Schmidt.

roduces basis  and small 
atrix 

 is orthonormal: 

 is upper-Hessenberg matrix
 new vector must be 
rthogonalized to all the 
revious vectors.

Lancz
♦ Lancz

♦  and

♦ Relati

♦  is 
Efficie

V
HA

VT V⋅ I=
T A V⋅ ⋅ HA=

A

V =

W =
V

VT W⋅

VT A⋅
HL



ALBERT-LUDWIGS-
UNIVERSITÄT FREIBURGE.B. Rud Page 18

Small Pause

Su
♦ T

n
♦

♦ T
♦

♦ T
n
♦

’s Next?
u  to the idea

e  the problem

 li systems

u  to Krylov 
ac

 li  systems

ne stems
ction

nt of

near 

ction
es

near

ar sy
nyi – AISEM tutorial, Trento 2003 

mmary
wo algorithms can form 
umerically stable basis:

Both are amenable to large, 
sparse systems due to 
matrix-vector product.

he Lanczos algorithm is faster.
Basises are biorthogonal.

he Arnoldi algorithm is more 
umerically stable.

Basis is orthogonal.

What
♦ Introd

♦ Statem

♦ Small

♦ Introd
subsp

♦ Large

♦ Nonli



ALBERT-LUDWIGS-
UNIVERSITÄT FREIBURGE.B. Rud Page 19

Linear Systems

Pa
♦ C

f

♦
♦ P

♦ M

ed func. is small rational.

no :
é oximant: match 

oments.
é  approximant: 
li  match  less 

m
it hing is numerically 

bl
E mptotic wavefrom 
lu  does not work.

G

s

m

a s z1–( )… s zk 1––( )
p1– )… s pk–( )

--------------------------------------------=

2

logy
 appr

 m
-type
citly
ents.
 matc
e:
 - asy
ation

s(
--------

k

nyi – AISEM tutorial, Trento 2003 

Large 

dé Approximants
an always express transfer 

unction matrix elements using:

 are the zeroes, poles.

adé matches  moments about 

:      

oment matching 

 for 

♦ Reduc

♦ Termi
♦ Pad

♦ Pad
imp
mo

♦ Explic
unsta
♦ AW

eva

ij s( )
a s z1–( )… s zn 1––( )

s p1–( )… s pn–( )
-----------------------------------------------------=

zi pi,
k

0 Gij s( ) mi s s0–( )p

p 0=

k n<

∑=

i mi
ˆ= i 0 … q, ,=

Gij s( )

q =



ALBERT-LUDWIGS-
UNIVERSITÄT FREIBURGE.B. Rud Page 20

Linear Systems
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Ĉ =



ALBERT-LUDWIGS-
UNIVERSITÄT FREIBURGE.B. Rud Page 21
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Linear Systems
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mputing Inverses 
ypical case: 

Do not compute : Bad idea
Find  such that 

y LU Decomposition:

Two fast triangle solves 
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♦ Iterati
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Linear Systems
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Method for Reduced-Order Modelling
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Large 

amples from EE
4 Pin RF IC: Padé via Lanczos:

D Player: Comparison

♦ PEEC

Pin 1 Error

Source: Z. Bai, R. Freund, A Partial Padé-via-Lanzcos
Method for Reduced-Order Modelling

Source: Antoulas, Sorenson, Gugercin, A Survey of
Model Reduction Methods for Large Systems
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Large 

tional Krylov
xpansion usually accurate 
bout .

his suggests:
Multiple expansion points 
Matching transfer function 
moments at all points

hallenge: Where to place 
xpensive solves (Many LU or 
R decompositions)

s0

si

si

Source: E. Grimme:
Methods for Model
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Linear Systems
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Large 

lving Lyapunov 
uations
adé approximants do not have 
lobal error estimates ... SVD-
rylov.

teps:
Solve Lyapunov equations 
for Grammians  and .
Eigen-decompose .

ery expensive: 

♦ Gener
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♦ De
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♦ See LY
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P Q
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 O n3( )∼
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educe linear part as usual

♦ Treat 
expan

♦

f x u,( )= y g x( )=
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ALij f L0 ∂ f Li ∂xj⁄+=

f NL =
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---x+
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f x u,(
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olve the full nonlinear system
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napshots in a matrix:
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♦ Form 
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linear Systems

PO

e: J. Chen, S. Kang
iaues for Coupled Circuit and MEMS Simulation

R itch:
FD  nonlinear beam
in ing squeeze film
& rodynamic force
K en-Loève + Galerkin

 20
Sourc
Techn

F Sw
 for

clud
 elect
arhun

 kHz
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Non

D Example: MEMS

15 V,

7.4 V, Step input
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pplication-oriented 

implifications exist, but:
May need symbolic 
manipulations.
May need expensive 
evaluations.

OD is general, and works, but:
Computationally expensive.
Requires user interaction.

onlinear MOR is tough.
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Conclusions
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all Linear
xcellent state: complete 
nowledge.
or accuracy goal, automatic 
uaranteed reduced model.

rge Linear
easonably good choices.
rnoldi more stable.
anczos matches more 
oments.
hen to stop reducing?

adé local, nonoptimal for wide 
ange. Remedy: rational Krylov.

♦ Futur
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Nonli
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